We diagonalize the Coulomb interaction in the basis of single-particle lowest Landau level orbitals. A microscopic wave-function for a skyrmion with one reversed spin is obtained. Skyrmionic states with higher angular momentum are constructed. They are interpreted as wave-functions corresponding to classisal skyrmion motion along circular orbits with higher angular momentum. As it should be for the states in the lowest Landau level, their energy does not depend on their angular momentum at least as long as the radii of the corresponding classical skyrmionic trajectories are greater than skyrmion size. There is a deviation from this perfect behavior for small angular momentum. We study also the limit of a purely hard-core repulsive potential. In this limit the energy is constant as a function of angular mometum. At the same time skyrmions do not have definite size -their asymptotes decay in a power-law fashion. The skyrmions are dynamical objects, which behave like charged massive particles in external uniform magnetic field. This microscopic result contradics expectations based on time-dependent Ginzburg-Landau models that skyrmions are nondynamical objects with their positions fixed by the Magnus force.
higher order in derivatives. The term multiplied by F 2 (ψ ⋆ ψ) contains time-derivative squared. On the level of field equations this leads to the appearance of the second time derivative. With this generalized action the topological defect can not only be created at a given position but it also can be provided with some initial velocity. Thus an effective mechanical action for a single topological defect on a plane can be expected to be L mech = α ξ ×˙ ξ + m 2˙ ξ˙ ξ + ...
where ξ(t) is a position of a topological defect. The action in general contains the Magnus force (the first term) and the inertial mass term (the second term). With just these two terms the action would be formally the same as that of a charged planar particle in external uniform magnetic field normal to the plane. However the effective field-theoretic action can contain terms of still higher order in time-derivatives (they have been dotted in Eq. (1) ). In general there can be an infinite series of such terms and one can expect that when collected together they give rise to some nonlocal interaction of the topological defect with itself. This interaction should have a scale set by the size of the topological defect. Thus for trajectories with curvature negligible as compared to the inverse defect size the higher order terms can be neglected. It may happen to be not negligible for trajectories like say small circles. In this regime the dynamical behavior of a topological defect can deviate from that of a particle in uniform magnetic field.
In the next section we compare the dynamical behavior of vortices in the standard effective description of quantum Hall effect at ν = 1 with that of quasiholes being their counterpart on the microscopic level. Vortices turn out to be nondynamical objects while quasiholes have the quantum numbers of a dynamical charged point particle in external magnetic field. Thus the effective theory turns out to be a truncated version of the full theory.
In Section 2 we analyse the dynamics of skyrmions [2] in spin unpolarized quantum Hall effect close to ν = 1. In the standard effective field theory they are nondynamical objects. On the microscopic level their quantum numbers turn out to be the same as those of dynamical particles in magnetic field at least for large angular momentums. For angular momentum such that the radius of corresponding classical trajectory would be smaller or comparable to skyrmion size the dynamical behavior of skyrmion deviates from the simple picture. We conjecture this is a manifestation of the nonlocal effects.
In Section 3 we analyse the skyrmion dynamics in the limit of the hard-core potential. It turns out that in this limit the nonlocal effects are supressed. The energy of states in the skyrmionic LLL does not depend on angular momentum. At the same time the skyrmionic asymptotes decay in a power-law fashion. They do not have any definite scale.
Dynamics of holes in spin-polarized quantum Hall effect
The standard effective theory to describe the dynamics of the quantum Hall effect at filling fraction ν can be written in terms of bosonic field Ψ fermionized with the help of the Chern-Simons gauge field [3] 
ρ 0 , which is a condensate density, is related to the external magnetic field by ρ 0 = B/e. The covariant derivative couples the scalar field to both the external electromagnetic field A µ and to the Chern-Simons field a µ , D µ = ∂ µ − iea µ − ieA µ . The Greek indices run over space-time indices 0, 1, 2, while the Latin indices denote planar coordinates 1, 2. Our convention is ε 012 = +1 and we assume the signature (+, −, −). In the formulation (3) the ground state of the theory in the external magnetic field B,
is the uniform condesate Ψ ⋆ Ψ = ρ 0 with the external magnetic field being screened by the Chern-Simons field, a k = −A k , a 0 = 0. Such a ground state admits topological vortex excitations [3] .
The model (3) can be viewed as a gauged version of the model (1) with F 1 being a constant and F k = 0 for k = 2, 3, .... As discussed in the Introduction, vortices in this system are not dynamical objects. The effective mechanical Lagrangian for a single vortex with the winding number −1, based on the theory (3), is just the Magnus term
which leads to the Euler-Lagrange equation˙ ξ = 0. Let us now turn to the microscopic model close to the completely filled Landau level, ν = 1. The lowest Landau level orbitals are
where z = x − iy and m = 0, 1, 2... is the angular momentum. We introduce an operator b m , which annihilates a spin-down electron in the m-th orbital. The anticommutation relations are {b m , b n } = δ mn . The normal ordered Coulomb interaction operator turns out to be
where the matrix elements V m1m2m3m4 are described in the Appendix. The Kronecker delta's are introduced to take into account the effect of neutralizing background. One-hole states can be created in different orbitals. The hole in the h-th orbital is given by
where |0 > is the vacuum state annihilated by b's. The Coulomb interaction is diagonal in this basis of states. Its diagonal elements are
where we have substracted the contribution from the completely filled lowest Landau level (LLL). The matrix W mn is the matrix of exchange energy defined in Appendix, see Eq.(38). The last equality in Eq.(9) holds thanks to the properties of the exchange energy. This simple calculation shows that the energy of a single hole does not depend on its angular momentum. The state with a hole in the orbital h has the angular momentum −h. The energy does not depend on this negative angular momentum as it should be for LLL states of a particle with charge opposite to that of an electron and subject to the same magnetic field. The holes are dynamical objects in distinction to vortices in the truncated effective theory (3). This property of holes can be demonstrated also in a slightly different way. The wave-function of a hole at Z 0 is given by
In the thermodynamic limit the system is translationally invariant so that the energy of this state should not depend on Z 0 in this limit. The wave-function of a state with a hole in the h-th orbital reads
where the first summation is over all possible sets of h distinct indices. The wave-function (10) can be expanded in terms of wave-functions (11) as
The wave-functions ψ h ({z k }), which are orthogonal eigenstates of the Hamiltonian, should be degenerate for the state (12) to be degenerate with respect to Z 0 . Thus translational invariance implies that holes in different angular momentum states have the same energy.
Dynamics of skyrmions in the spin-unpolarized quantum Hall effect
The dynamics of skyrmions described by an effective theory has been investigated in [5] . Like vortices in the polarized quantum Hall effect they turned out to be nondynamical objects locked in their positions by the Magnus force. Thus we turn from the very beginning to the microscopic analysis. In addition to the polarized case we define an additional operator a k , which annihilates a spin-up electron in the k-th orbital. The Coulomb interaction operator in this generalized case reads
This time in addition to the Coulomb interaction we have to take into account the Zeeman energy operator
We want to find exact skyrmion states being eigenstates of the Hamiltonian. There are four operators which commute with the total Hamiltonian. First of them is the operator of the number of electrons N in the LLL. As we are interested in single skyrmion states and the skyrmion is essentially a quasihole which distorts the spin structure around it to minimize its Coulomb energy, we can restrict to the subspace of the Hilbert space in which precisely one electron is missing from the completely filled LLL. The second operator is the z component of the total spin S z . This operator can be well defined, if we restrict to a finite (but still large) number of single-particle orbitals, say from 0 to N orb . We have already assumed that one electron is missing, so that the eigenvalue of S z , as compared to the completely filled and polarized LLL, is at least 1/2. We can further increase this eigenvalue by flipping the spins of a definite number N rev of electrons. If there are N rev electrons with reversed (up) spin, the relative spin of the configuration is N rev + 1/2. For the reason of simplicity from now on we restrict to skyrmions with only one reversed spin, N rev = 1 and the relative spin is 3/2. This restriction can be assumed for any number of accesible orbitals so that we can take now the thermodynamic limit N orb → ∞.
In these two steps we have restricted to the subspace of the Hilbert space generated by the following states
These state are constructed from the completely filled LLL by creation of two holes in orbitals h 1 = h 2 and subsequent addition of an electron with revesed spin in the orbital s.
The third operator which commutes with the total Hamiltonian is the operator of the total angular momentum L z . The state (15) is an eigenstate of L z with the eigenvalue L = s − h 1 − h 2 with respect to the completely filled and polarized LLL. Thus for a definite L there is an additional relation between s and h 1 , h 2 .
The fourth operator is the square of the total spin operator S 2 , which can be well defined for a finite number of orbitals N orb . However it is not very useful. Even if the number of electrons, the total spin and the angular momentum are specified the Hilbert space is still infinite-dimensional. If the number of reversed spins is say 1 the operator S 2 can have just two eigenvalues, namely N orb (N orb −1) and (N orb −1)(N orb −2). Thus an eventual diagonalization of S 2 can just divide the infinite-dimensional Hilbert space into two infinite-dimensional subspaces. The diagonalization of S 2 would be quite complicated for a physically relevant number of electrons but still it would not determine the eigenstates completely.
We have found the lowest energy eigenenergies of the Coulomb interaction and corresponding skyrmion states with one reversed spin in a wide range of angular momentum L. The lowest eigenenergy for a given L will be denoted by E L . Let us outline the method of calculations. The diagonal elements of the Coulomb Hamiltonian in the subspace of states (15) are
where ε is the Coulomb energy of a polarized hole (9). From this expression it is clear that an electron with reversed spin is likely to fill one of the holes. Otherwise there would be two electrons in one orbital what is not energetically favourable. It is also preferred that the other hole is close to the revesed spin, compare with the Tables in the Appendix. The off-diagonal elements are more complicated
For any angular momentum L we can make a list of states with quantum numbers h 2 > h 1 and s in such a way that L = s − h 1 − h 2 and 0 ≤ s, h 1 , h 2 ≤ M , where M is a cut-off. Finite M , which determines the number of orbitals which can be excited, makes the Hilbert space finite-dimensional. The elements of the Hamiltonian martix can be calculated for this truncated space and the lowest eigenvalue and the corresponding eigenvector can be found with the help of the Perron-Frobenius theorem. After the eigenvector has been evaluated one can verify consistency of the truncation to M lowest orbitals. If M happens not to be sufficiently large the procedure has to be repeated for a larger M until self-consistency is obtained.
The skyrmion ground state at L = L sk = −1. It turned out that the ground state is attained for L = −1 and its Coulomb energy is E −1 = 0.1415 × ε. The angular momentum of the ground state is related to the number of reversed spins in the way characteristic for skyrmions, namely L sk = −N rev . We have used in our calculations the cut-off M = 15. With this cut-off the truncated Hilbert space is 71-dimensional. The ground state can be written as
where the summation is restricted only to such states that s − h 1 − h 2 = −1. 99.9% of the norm of this state comes from the 15 states specified in the table. 0.00262
The particle and spin distribution for the ground state are the solid lines in Fig.1 . The quantum numbers of the states in the above table can be parametrized by just one integer a, (h 1 , h 2 , s) = (0, a + 1, a) , a = 0, 1, 2... . The wave-function for the a-th state can be constructed in two steps. In the first step we take as a seed state the wave-function for a completely filled LLL but with a reversed spin in the a-th orbital
where σ's are permutations of the set {0, ..., N orb }. In the second step we shift all the ↓ electrons from their actual orbital to the next higher orbital
where N is a normalization factor which depends only on N orb and s z p is the z-component of the spin operator of the p-th electron. With the wave-functions (19) the ground-state wave-function can be written as
where the coefficients χ can be found in the above table.
States with ∆L = L − L sk < 0. The ground state has the angular momentum L sk = −1, which can be interpreted as an intrinsic skyrmion angular momentum. The lowest eigenstates with ∆L = L − L sk < 0, by analogy to polarized holes in Section 1, can be expected to be the skyrmion orbitals in the skyrmionic LLL. Their Coulomb energies are listed in the following table The energy of the ground state is included for comparison. The charge and spin distributions of a few characteristic states are shown in Fig.1 . For greater and greater −L the charge deficit is located on a ring of larger and larger radius. The spin distribution follows the charge deficit. This tendency becomes especially clear for large −L. The dependence of energy on angular momentum is shown in Fig.2 .
States with ∆L = L − L sk > 0. There are also states with an angular momentum greater than −1. Their electron density deficit is localized around the origin, see Fig.3 . An electron with reversed spin is pushed out of the hole. These states are not genuine skyrmionic states -they should be interpreted rather as bound states of a double-hole with a reversed spin electron . The energies of a few such states are listed in the table. 3 Skyrmion dynamics in the hard-core potential limit
The mere existence of a skyrmion as a definite size excitation is the result of a balance between the Zeeman energy and the repulsive interelectron interaction. Thus in contrast to the polarized FQHE we can expect that at least some quantitative fictures will depend on the choosen repulsive potential. The skyrmion wave-function (21) is antisymmteric under exchange of electrons but it is not antisymmetric under exchange of their planar coordinates z k . It does not need to vanish for concident electrons as they can have opposite spin. However there is a wide class of potentials which impose the hard-core constraint. For instance for the power-law potentials 1 r α with α ≤ 2, which are not integrable as r → 0, any finite energy wave-function must have the hard-core property. The realistic potential should be close to the bare Coulomb potential at short distance but it should be screened at long distance. For such a potential the electrons in low energy states would prefer to avoid one another.
To analyze this problem more quantitatively we have studied the ground state wave-function for the mixed two-particle potential
It the limit of large V 0 , where the Coulomb interaction is just a small perturbation of the hard-core potential, the χ-coefficients in the ground state wave-function (21) tend to
where
is a wave-function of the completely filled and polarized LLL and
can be interpreted as an operator creating a skyrmion with N rev reversed spins at Z 0 . S + is the total spin increasing operator,
In other words, the ground state is created by reversing N rev spins and subsequent creation of a vortex for electrons with polarized spins. The wave-function (24) is the same as the wave-function considered in [4] .
Thanks to its operator structure the wave-function (24) can be generalized to arbitrary Z 0 and subsequently expanded in powers of Z 0
where Ψ hard core
is a wave-function of the skyrmion state with the angular momentum ∆L = −h with respect to the point Z 0 , Ψ hard core
The first summation is over sets of h + 1 different indices and their permutations. From the last formula we can read an operator creating the skyrmion state with the angular momentum ∆L = −ĥ
The matrix elements of the hamiltonian between wave-functions (28) with different angular momentum are zero. Thanks to the translational invariance, the energy of the state (27) does not depend on Z 0 in the thermodynamic limit. That is why all the states (28) must have the same energy. Thus in the hard-core limit the skyrmion states with different negative angular momentum are degenerate. The skyrmions behave as if they were simply point particles in external uniform magnetic field. There are no higher order effects very much like for point-like holes analysed in Section 1.
As we have already mentioned the nonlocal effects are a manifestation of a definite skyrmion size. The results for the hard-core potential suggest that skyrmions do not have any definite scale in the hard-core limit. It is indeed the case. The coefficients (23) decay in the power-law fashion like 1/ √ 1 + a. The probability to find an electron with a reversed spin in the a-th orbital decays like 1/a for large a. The radius of the a-th orbital wave-packet is proportional to √ 1 + a, so that the spin density must decay like 1/r 2 . The same is true for the charge deficit. Thus in the hard-core limit the skyrmion is not a localized object. That is why energy of a skyrmionic state does not depend on angular momentum -one can not compare radii of trajectories with any skyrmion size.
Conclusions and remarks
For the Coulomb interaction skyrmions have a definite size. The energy of a skyrmionic state does not depend on its angular momentum provided that the radius of the corresponding classical orbit is greater than skyrmion size. The energy deviates from this constant behavior only at small angular momentum.
In the limit of the hard-core interaction skyrmions do not have any definite size. The energy on angular momentum dependence is constant.
Skyrmionic states have the same quantum numbers as quantum states of dynamical charged particles in external uniform magnetic field. Thus skyrmions should be regarded as dynamical objects, which in particular are able to condense into multiskyrmionic states. The structure of these states should depend on skyrmionic quantum-statistics [6] . The multiskyrmionic states are currently under investigation [7] .
The dynamical behavior of skyrmions on microscopic level is in contrast with their behavior in effective time-dependent GinzburgLandau models. In these models skyrmions are locked in their positions by the Magnus force. It would be worthwhile to improve the effective theory so as to incorporate skyrmion dynamics.
where z + = r + e iθ+ and z − = r − e iθ− and the normalization factor is
After the integration prescribed in the Eq.(32) the matrix elements turn out to be
m1,m2,m3,m4 p,q,r,s=0
(−1) r+s δ p+r,q+s ( 
This matrix element vanishes whenever m 1 + m 3 = m 2 + m 4 . It is a result of the rotational invariance of the Coulomb potential. Thanks to this property the Hamiltonian commutes with the total angular momentum.
The following symmetry properties result from the definition (30) and from the fact that the matrix element is real (34)
It is useful to define the following symmetric matrices
which is simply the Coulomb interaction between an electron in the orbital m and an electron in the orbital n, compare with the Eq.(30). The elements of this matrix for the lowest four orbitals are The matrix of the exchange interaction is defined as
The elements of this matrix for the lowest four orbitals are The orbital with the angular momentum 10 has the radius r 10 ≈ 3.3, which is comparable to the skyrmion size. Fig.3 . Electron and spin density as a function of r for the state ∆L = +6.
